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Critical behavior of nonlinear permittivity in the smectic- A phase of chiral liquid crystals
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We study the nonlinear permittivity of chiral liquid crystals in the smectic-A (Sm-A) phase near the ferro-
electric smectic-C* (Sm-C*) phase and the smectic-Ca* (Sm-Ca* ) phase theoretically and experimentally. The
third-order nonlinear permittivity«3 shows the critical behavior with the exponent of four near the Sm-C*
phase and its sign depends on the order of the phase transition. In the case of the Sm-A–Sm-Ca* phase
transition, the sign inversion of«3, presumably due to the large fluctuation of order parameter, is observed near
the transition temperature.
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The phase transition between the paraelectric smectA
(Sm-A) phase and the ferroelectric smectic-C* (Sm-C*)
phase has been intensively studied since the discover
ferroelectricity in the Sm-C* phase of chiral liquid crystals
@1#. In those studies, the phenomenological theory
Landau-type ~mean-field model! for the Sm-A–Sm-C*
phase transition@2–4# has been applied to describe the me
sured temperature dependence of spontaneous polariza
tilt angle, heat capacity, permittivity, etc. in the Sm-C*
phase. The comparison between theory and experime
data demonstrates that the mean-field model is a good
proximation to describe the temperature dependence of t
quantities. The critical behavior of susceptibility in the SmA
phase also follows the mean-field model@2#. In addition, the
critical region estimated from the Ginzburg-criterion arg
ment is reported to be very narrow at this transition@5#.

The critical behavior at the phase transition betwe
smectic subphases also has been studied intensively fo
tiferroelectric liquid crystals~AFLC’s! @1#. The recent pre-
cise measurement of heat capacity@6# and birefringence@7#
at the phase transition between the Sm-A phase and the sub
phase referred to as the smectic-Ca* (Sm-Ca* ) phase revea
unusually large pretransitional fluctuation of tilt order para
eter. Their critical behavior deviates from that predicted
the mean-field model. The universality class of this transit
is considered to be the three-dimensional~3D! XY critical or
the Gaussian tricritical one@6#.

Recently, the dielectric relaxation spectroscopy has b
extended to the nonlinear regime and applied to soft c
densed matters such as polymers@8# and liquid crystals
@9,10#. In the case of ferroelectric liquid crystals~FLC’s! @9#
and AFLC’s@10#, it is reported the remarkable nonlinear d
electric response originated from the orientational satura
of molecular alignment due to the distortion of helical stru
ture by an electric field. On the other hand, large nonlin
dielectric response is also expected in the Sm-A phase near
the Sm-A–Sm-C* and Sm-A–Sm-Ca* phase transition due
to the softening of tilt fluctuation~soft mode! and the van-
ishing of the harmonic term of tilt order parameter in t
thermodynamic potential.

In this paper, we investigate the critical behavior of t
nonlinear permittivity in the Sm-A phase of chiral liquid
crystals experimentally and theoretically by using the p
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nomenological mean-field free energy. Since nonlinear p
mittivity reflects the higher-order terms of the order para
eter in the Landau-type free energy, the comparison betw
experimental results and theoretical ones make it possibl
obtain detailed information on the free energy. Moreover,
the case of the Sm-A–Sm-Ca* phase transition, the deviatio
from the mean-field theory is expected to be observed m
clearly in the critical behavior of nonlinear permittivity.

At first, we calculate the nonlinear permittivity in th
Sm-A phase of FLC’s by using the mean-field free ener
near the Sm-A–Sm-C* phase transition under the electr
field E applied parallel to the smectic layers. The free-ene
densityf can be written with tilt angleu and polarizationP
as order parameters@1,3,4#,

f 5 f 01
1

2
a~T2T0!u21

1

4
bu41

1

6
cu61

1

2x
P21

1

4
hP4

2CPu2
1

2
VP2u22PE, ~1!

where f 0 is the nonsingular part off, x is the dielectric sus-
ceptibility, C andV are the coupling constants, andT0 is the
‘‘unrenormalized’’ transition temperature. In Eq.~1!, we ig-
nore the terms involving the wave vector of the helix. T
constantb is positive for the second-order Sm-A–Sm-C*
phase transition and is negative for the first-order one, w
a, c, h, andV are the positive constants. By minimizingf
with respect tou andP, one obtains

a~T2T0!u1bu31cu52CP2VP2u50, ~2!

P2x~Cu1E1VPu22hP3!50. ~3!

Both u and P are zero without the electric field in th
Sm-A phase. But,P is induced parallel toE by the alignment
of the dipole moments transverse to the molecular axis un
electric field. At the same time,u is also induced by the
coupling betweenu and P originated from the chirality of
molecules~electroclinic effect! @1#. When a small electric
field E5E0 is applied, the field-induced tiltu and polariza-
tion P can be expanded into the power series ofE0 as u
5(n51

` anE0
n and P5(n51

` bnE0
n . By replacingu and P in

Eqs.~2! and~3! by these power series, all the coefficientsan
©2001 The American Physical Society01-1
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and bn are obtained one by one in numerical order ofn.
Since thenth order nonlinear permittivity«n is generally
defined as thenth derivative of the electric displacementD
with E0:

«n5 lim
E0→0

1

n!

]nD

]E0
n

, ~4!

the third-order«3 and fifth-order nonlinear permittivity«5
are, respectively, obtained as

«352
bC4x4

a4~T2Tc!
4

1
2VC2x4~T2T0!2

a2~T2Tc!
4

2
hx4~T2T0!4

~T2Tc!
4

,

~5!

«55
3x7~T2T0!7

~T2Tc!
7 H h2

2VC2

a2~T2T0!2
1

bC4

a4~T2T0!4J 2

1
3C2x6~T2T0!3

a3~T2Tc!
6 H V2

bC2

a2~T2T0!2J 2

2
cC6x6

a6~T2Tc!
6

,

~6!

where Tc is the transition temperature defined asTc[T0
1C2x/a. The even-order nonlinear permittivit
(«2 ,«4 , . . . ) disappears by the symmetry of polarization
the electric field.

The third-order nonlinear permittivity«3 consists of three
terms. At the vicinity ofTc , the most significant term in Eq
~5! is the first one. This term shows the critical behavior w
the exponent of four and its sign depends on the sign ob;
«3,0 for the second-order transition (b.0) and«3.0 for
the first-order transition (b,0). The most significant term in
«5 near Tc is 3b2C6x6/a7(T2Tc)

7. This term shows the
critical behavior with the exponent of seven and its sign
positive, which is independent of the type of the phase tr
sition.

We measured the temperature dependence of nonli
permittivity in the Sm-A phase for two FLC’s to verify the
calculated critical behavior. The sinusoidal electric fieldE
whose frequency is much lower than the relaxation f
quency of the soft mode is applied to a FLC sample para
to the smectic layers. The electric displacementD detected
by a charge amplifier is measured by a storage oscillosc
The nth order nonlinear permittivity«n is obtained from the
applied electric-field dependence of thenth harmonic com-
ponent of the applied frequency inD. The experimental de
tails of nonlinear dielectric measurement are described e
where@9#. The FLC’s used in this study are a mixture FL
764E ~Merck! and 4-~3-methyl-2-chloropentanoyloxy!-4’-
heptyloxybiphenyl~abbreviated to C7!. It is reported that the
former FLC shows the second-order Sm-A–Sm-C* phase
transition@11# and the latter shows the first-order one@12#.

The temperature dependence of«3 of 764E and C7 in the
Sm-A phase are, respectively, shown in Figs. 1~a! and 1~b!.
As is expected by the theoretical discussion, the sign of«3 is
negative for the second-order Sm-A–Sm-C* phase transition
and positive for the first-order transition. The solid curves
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Fig. 1 are the best-fitted ones with«35A(T2Tc)
24 and the

critical exponent of«3 is found to be about four in both
samples. The obtained best-fitted values areA521.58
310221 Fm/V2 and Tc528.4 °C for 764 E, andA52.20
310225 Fm/V2 and Tc553.9 °C for C7. The best-fitted
value A for 764E agrees with the calculated valueA5
2bC4x4/a4522.2310221 Fm/V2 by using the literature
values @11# of a523104 J/m2K, b51.73106 J/m2, and
Cx53.831023 FV/m2.

To observe the critical behavior more in detail, we redr
Fig. 1 in the logarithmic scales as Fig. 2. The apparent
viation from the simple critical behavior drawn as a so
line is observed in both FLC’s at high temperature. The va
of «3 seems to approach a certain negative value far ab
Tc . Although these deviations might be due to the ina
equate accuracy in the measurement of small nonlinear
sponse, such behavior agrees with the calculated temper
dependence of Eq.~5!; «3 approaches the negative consta
value of2hx4 far aboveTc . Therefore, in the case of C7
«3 changes its sign from positive to negative at a cert
temperature aboveTc as shown in Fig. 2.

FIG. 1. Temperature dependence of the third-order nonlin
permittivity «3 of ~a! 764E and~b! C7 in the Sm-A phase. The solid
line is the best-fitted one with the critical exponent of four.

FIG. 2. Temperature dependence of the third-order nonlin
permittivity «3 of 764E (s) and C7 (d) redrawn in logarithmic
scales. For C7, the sign of«3 inverts from positive to negative with
increasing temperature. The solid lines are the best-fitted curve
Fig. 1.
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The temperature dependence of«5 for 764E is shown in
Fig. 3. It was found that the critical behavior of«5 nearTc is
well ascribed by«55B(T2Tc)

27 shown as a solid line with
B52.10310232 Fm3/V4 and Tc528.4 °C. The best-fitted
value ofB agrees with the calculated one by using the lite
ture values @11#, B53b2C6x6/a752.0310232 Fm3/V4.
According to Eq.~6!, «5 approaches the positive value
3h2x7 far aboveTc . This is certainly observed in Fig.
after«5 inverts its sign twice. In the case of C7, the value
«5 is so small («5'10238 Fm3/V4 at T2Tc51°C) that the
experimental accuracy for«5 is rather poor and the deviatio
from the simple critical behavior is clearly observed atT
2Tc51.3 °C.

We have also studied the critical behavior of«3 for
AFLC’s near the Sm-A–Sm-Ca* phase transition. The de
tailed layer structure of Sm-Ca* has not been well understoo
until recently, but the excellent studies of resonant x-ray s
tering @13# and optical measurement@14# reveal that the
tilted directors form a short-pitched helical structure who
pitch is about several layers. Since this transition is repo
to be the second order@15#, the critical behavior of«3 in the
Sm-A phase is expected to be the same one for 764E.
temperature dependence of«3 in the Sm-A phase for 4-~1-
methylheptyloxycarbonyl! phenyl 4’-octylbiphenyl-4-
carboxylate~MHPBC! @16# is shown in Fig. 4 as an example
At the temperature much higher than the Sm-A–Sm-Ca*
phase-transition temperatureTc , «3 is negative as expected
But, «3 inverts its sign from negative to positive at a certa
temperatureTinv nearTc . Such critical behavior of«3 is also
observed in the Sm-A phase of other AFLC’s which exhibi
the Sm-A–Sm-Ca* phase transition.

Recently, Bourny and Orihara@17# discussed the spectrum
of the linear permittivity of an AFLC near the Sm-A–Sm-Ca*

FIG. 3. Temperature dependence of the fifth-order nonlin
permittivity «5 of 764E in logarithmic scales. The solid line is th
best-fitted one with the critical exponent of seven.

FIG. 4. Temperature dependence of the third-order nonlin
permittivity «3 of MHPBC. The solid line is the best-fitted one o
Eq. ~10! with Tf576.17 °C,Tc576.47 °C, andd520.0066.
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phase transition under a dc bias field by the phenomenol
cal free energy that includes the ferroelectric order param
j f and the order parameter of the Sm-Ca* phasejq . It is
possible to discuss the nonlinear dielectric response nea
Sm-A–Sm-Ca* phase transition by using this simple free e
ergy. By minimizing the free-energy with respect to th
ferroelectric polarizationP, one obtains the relationP
5x(Cj f1E). After replacingP with this relation, the free-
energy densityf is written as a function of the tilt angleuq
andu f instead ofjq andj f as

f 5 f 01
1

2
aquq

21
1

4
bquq

41
1

2
a fu f

21
1

4
b fu f

41
1

2
guq

2u f
2

2Cxu fE2
1

4
«auq

2E2, ~7!

whereg is the coupling constant between two order para
eters and«a is the dielectric anisotropy. By minimizingf
with respect touq andu f , one obtains

aquq1bquq
31guqu f

22
1

2
«auqE250, ~8!

a fu f1b fu f
31gu fuq

22CxE50. ~9!

When a small electric fieldE5E0 is applied, there ap-
pears the field-induced partsduq anddu f in the order param-
eters asuq5uq01duq and u f5du f . Although both order
parameters are zero without electric field in the Sm-A phase,
we dare to leaveuq0 to take into account the fluctuation ofuq
in the Sm-A phase. The field-induced parts can be expan
into the power series ofE0, respectively, as duq

5(n51
` anE0

n and du f5(n51
` bnE0

n . By replacinguq and u f

in Eqs.~8! and~9! by these power series, all the coefficien
an andbn are obtained one by one in numerical order ofn.

In addition to the ferroelectric polarizationP, we take into
account the induced polarization due to the change of die
tric tensor by electric fieldd«5«auq

2/2 @10,17#. The third-
order nonlinear permittivity«3 in the Sm-A phase is calcu-
lated as

«352
b fC

4x4

a f
4

1
«a

2uq0
2

6aq
S 2gC2x2

a f
2«a

21D S 6gC2x2

a f
2«a

21D .

~10!

The first term in Eq.~10! is the contribution of the ferroelec
tric soft mode already discussed for FLC’s and the sec
term is the contribution of the soft mode for the Sm-Ca*
phase. Although the latter term is not induced by the elec
field in the Sm-A phase, we can introduce it by replacinguq0

2

with its thermal averaged value^uq0
2 &. When the second term

is positive nearT5Tc , its contribution will overcome the
first term atT5Tc and the inversion of sign in«3 can be
observed just aboveTc .

The critical behavior of^uq0
2 & is written in general

as ^uq0
2 &'(T2Tc)

12a, where a is the critical exponent
of heat capacity @7#. If we assume thata f and aq

r
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are the linear function of temperatureT as a f}(T2Tf)
and aq}(T2Tc), Eq. ~10! can be rewritten
as «352A8/(T2Tf)

41B8$C8/(T2Tf)
221%$3C8/

(T2Tf)
221%/(T2Tc)

d, where the exponentd is identical to
a. Since there are so many fitting parameters in this fitt
function, we made the fitting procedure by holding the p
rameterd to 20.0066 that is the theoretical exponent ofa
for 3D-XY critical behavior@6#. The best-fitted curve of Eq
~10! drawn as a solid line in Fig. 4, seems to agree well w
the data. The obtained value ofTc is 76.47 °C and that cor
responds to the temperature where«1 shows a maximum
value. Therefore, the temperature dependence of«3 in the
Sm-A phase near the Sm-Ca* phase is explainable by th
phenomenological theory which takes into account the la
fluctuation of tilt.
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In conclusion, we have studied the critical behavior
nonlinear permittivity in the Sm-A phase of chiral liquid
crystals. In the case of FLC’s, their critical behaviors a
found to be describable by the phenomenological mean-fi
model and all the coefficients that appeared in the Lan
expansion of Eq.~1! would be determined by the measur
ment of the critical behavior of nonlinear permittivity in th
Sm-A phase. In the case of AFLC’s near the Sm-Ca* phase,
anomalous temperature dependence of nonlinear permitt
is observed and this is found to reflect the large fluctuation
tilt order parameter in the Sm-A phase.
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